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ABSTRACT 

The geometro-stochastic method of quantization provides a framework for quantum general 
relativity, in which the principal frame bundles of local Lorentz frames that underlie the fi- 
bre-theoretical approach to classical general relativity are replaced by Poincare-covariant 
quantum frame bundles. In the semiclassical regime for quantum field theory in curved 
spacetime, where the gravitational field is not quantized, the elements of these local quan- 
tum frames are generaHzed coherent states, which emerge naturally from phase space repre- 
sentations of the Poincare group. Due to their informational completeness, these quantum 
frames are capable of taking over the role played by complete sets of observables in conven- 
tional quantum theory. The propagation of quantum-geometric fields proceeds by path inte- 
gral methods, based on parallel transport along broken paths consisting of arcs of geodesies 
of the Levi-Civita connection. The formulation of quantum gravity within this framework 
necessitates the transition to quantum superframe bundles and a quantum gravitational su- 
pergroup capable of incorporating diffeomorphism invariance into the framework. This 
results in a geometric version of quantum gravity which shares some conceptual features 
with covariant as well as with canonical gravity, but which avoids the foundational and the 
mathematical difficulties encountered by these two approaches. 

1. Introduction 

During the preceding decade a new method of quantization was developedi"^ in order to 
deal with some of the unresolved foundational problems^'^ in relativistic quantum particle 
and field localization. This geometro-stochastic method eventually led^-^ to a purely geo- 
metric framework for quantum general relativity, and proved capable of resolving founda- 
tional problems in quantum field theory in curved spacetime and in quantum gravity .^-lo 

The geometro-stochastic method of quantization shares some features with the well- 
known geometric method of Kostant^^ and Souriau^^ in that it employs phase space 
representations of the Galilei and the Poincare group, albeit of a different type^^ than the 
Kostant and Souriau method. In fact, the geometro-stochastic method is intrisically based 
on coherent states, and in this respect it displays common features (cf. Ref. 15, Sec. 16.2) 
with the method of Berezin.i^ However, in its scope,9'io {[ transcends both these methods, 
since it is appUcable to quantum field theory (QFT) in the general relativistic context. 

This is due to the fact that the geometro-stochastic quantization is based on a concept 
of quantum frame capable of taking over in the general relativistic regime, physically as 
well as mathematically, the role played in conventional quantum theory by complete sets of 
observables. In QFT in a given classical curved spacetime, principal bundles of such 
Poincare quantum frame mediate the formulation of quantum geometries that are Hilbert or 
pseudo-Hilbert fibre bundles associated with principal frame bundles over curved 
spacetime. In turn, this enables a purely geometric type of formulation of propagation of 
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quantum fields in such bundles by means of path integrals that conform to the strong 
equivalence principle of general relativity. The corner stone on which this kind of 
propagation is based consists of quantum connections whose connection coefficients are 
provided by the Levi-Civita connection form in the given curved spacetime. Locally, such 
quantum geometric propagation is governed by energy density operators which arise from 
well-defined stress-energy tensor operators, which in the special relativistic regime give 
rise to infinitesimal generators of spacetime translations and Lorentz transformations. 

The relation of this quantum- geometric framework for QFT to the conventional 
framework is arrived at by establishing from purely geometric considerations the existence 
of action integrals. A consistent physical interpretation of this framework is then obtained 
by proving the existence of Poincare gauge invariant and locally conserved probability 
currents. 

The extrapolation of these physical ideas and mathematical techniques to a geometric 
formulation of quantum gravity requires the use of geometric versions of BRST symme- 
tries in superfibres over a quantum spacetime supermanifold.^'^O 

In Sec. 2 we describe those basic features of the geometro- stochastic method of 
quantization in the nonrelativistic regime which demonstrate its physical consistency with 
orthodox quantum mechanics. We then describe in Sec. 3 the special relativistic 
counterparts of these features. In Sec. 4 we extrapolate this framework into a geometric 
framework for quantum field theory in curved spacetime. In Sec. 5 we describe the basic 
features of the quantum-geometric mode of field propagation formulated within such a 
framework. We then outline in Sec. 6, in very general terms, how these physical ideas and 
techniques can be applied to quantum gravity; whereas, in the remaining Sees. 7-11 we 
highlight and explain the principal mathematical aspects of this application. 

2. Nonrelativistic Geometro-Stochastic Quantization 

It is well-known that the canonical quantization of a classical Hamiltonian system carried 
out in general canonical coordinate leads to results that are generically inconsistent with 
those obtained in the Cartesian coordinates related the adopted class of inertial reference 
frames. Therefore, the fundamental thesis underlying the geometro-stochastic method of 
quantization is that it is the choice of reference frames that is of primary significance to the 
quantization procedure, and not that of coordinates in general; moreover, that the choice of 
coordinates can be signicant only if they are operationally defined in relation to those 
frames. This suggests basing quantization on a group-theoretical foundation, in which the 
operational procedures required during the construction of inertial frames receives a natural 
interpretation that is directly related to the group of physical operations describing changes 
of such frames, and to the operational procedures carried out with them. 

These fundamental physical ideas lead to the geometro-stochastic method of quantiza- 
tion, which, for the sake of simplicity, we shall describe for the spin-0 case. In the non- 
relativistic regime the Galilei group plays the role of fundamental kinematical group. 
Moreover, the elements (q,p) of the nonrelativistic phase space F are represented by the 
Cartesian coordinate triples q,pG in relation to any given classical inertial frame of ref- 
erence u. The geometro-stochastic quantization scheme first introduced in Appendix C of 
Ref. 3 requires that representations of the canonical commutation relations with respect to u 
are to be derived from the irreducible subrepresentation of the unitary ray representation of 
the Galilei group in L\r). Hence, let us denote by (6,a,v,i2) the generic element of that 
group, with b being the amount a time translation, the 3-vectors a and v representing a 
space translation and a velocity boost, respectively, and R a being a 3-rotation. Then the 
required representation is obtained by assigning to (b,a,\rji) the unitary operator 
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{Uib,a,v,R)\i/){(i,p,t) 
= exp[i(-|mv^a-6) + mv • (q-a))] y/{R-^[ci- a-v(^-6)],i^-^[p-mv],^-6) , (2.1) 

which acts on wave functions )//(q,p,0 that are, for each fixed value of p g R^, solutions 
of the free Schrodinger equation in q and t for the mass m (all expressed in Planck natural 
units), and which represent for each fixed value of t elements of the Hilbert space L^F) of 
functions which are Lebesgue square-integrablei^ in (q,p) e R^. 

The complete harmonic analysis of the above representation first carried out in Ref. 
14 reveals an infinity of irreducible subrepresentations which are unitarily equivalent to the 
well-known irreducible ray representations of the Galilei group in configuration or momen- 
tum space. Each such irreducible phase space subrepresentation can be uniquely character- 
ized by means of a unique resolution generator ^ gL^F) that gives rise, in conjunction 
with the elements U{b,a,v,R) of that representation, to the generalized coherent states 

^q,p = [/(0,q,p/m,/)<^ G LHn , (q,p) g T. (2.2) 
In turn, these generalized coherent states supply the orthogonal projector 

^^=\^e |^q,p)^q^P(^q,p| > (2.3) 

of L\r) onto the subspace which carries that subrepresentation. The family of generalized 
coherent states in Eq. (2.2) is therefore uniquely assigned to the global classical frame of 
reference u. Consequently, it can be envisaged4'9 as constituting a quantum frame, opera- 
tionally obtained by subjecting identical duplicates of a quantum test body, which has ^ as a 
proper state vector, to the basic kinematical procedures of spacetime translation, spatial ro- 
tation and velocity boost, in order to obtain an array of kinematically correlated microdetec- 
tors that can be then used for the spatio-temporal localization of quantum systems. 
This interpretation is supported by the fact that the transition amplitudes 

VA(q,p) = (f7(0,q,p/m,/).^ \xff) , yr e P^LHO , (2.4) 

between the normalized quantum state vector y/of a quantum system and the constituents 
of such a quantum frame are directly related (cf. Ref. 9, Sec. 3.7) to the purely geometric 
concept of Fubini-Study distance between their representative rays in the projective space 
of unit Hilbert rays corresponding to elements in that subspace, and that the square of the 
absolute value in Eq. (2.4) can be interpreted as the probability density for detection in 
relation to these quantum frame elements. This interpretation follows from the fact that 
there is^'^'i^ a unitary map which assigns to each time-dependent wave function l//(q,p,^) 
in Eq. (2.1) a unique solution V/(x,0 of the free Schrodinger equation representing a wave 
function in configuration space. It can be then easily proved^ that the probability density 
derivable from this phase-space wave function is related to the probability density derivable 
from the corresponding configuration space wave function as follows: 

P(^)(q,0 = \il/{(l,p,t)fdp = (2;r)^j^JvA(x,0n^(x-q)|^rfx . (2.5) 

Hence, in the sharp-point limit 

(2;r)'|^(x-q)|' ^ <5'(x-q) , (2.6) 

physically corresponding to the limiting choice of perfectly pointlike quantum test bodies, 
the probability density in Eq. (2.5) converges to the probability density for infinitely 
precise position measurement outcomes originally postulated by Bom, 
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P(^)(q,0 ^ |v^(q,^f , (2.7) 

at all those points at which this configuration space wave function is continuous. 

Of special significance for the extrapolation to the special relativistic regime in Sec. 3 
are the resolution generators in Eq. (2.2) which, in the configuration space representation 
for the Galilei group, are supplied by the ground-state wave function, 

.^^^^(x) = (8;r^^2)-^^^exp(-x2/4^2) , £>0 , (2.8) 

of a nonrelativistic harmonic oscillator. As a matter of fact, the special relativistic counter- 
part of each such resolution generator is the ground states of a corresponding relativistic 
harmonic oscillator that can be interpreted^ as the ground state of the quantum metric 
operator introduced by Born^, in which i plays the role of fundamental length. Probability 
currents to which such a gives rise, 

3M,t) = j 3 - ¥M,P,t) ^dp , yfM,p) = (C/(0,q,p/m,/)^(^^ Yi) , (2-9) 

can be constructed! '4 complete analogy with their counterpart in classical statistical me- 
chanics, and are Galilei-covariant and conserved. Moreover, in the case of a configuration 
space wave functions yK'^,t) with continuous first partial derivatives in the x- variables, this 
new quantum probability current converges in the sharp-point limit to the conventional 
probability current in configuration space, 

(x, t) ^^^0 ) (2im)-^ vr-lx, ^) V ^i^, t) . (2.10) 

This provides further support to the earlier described physical interpretation of the transition 
amplitude in Eq. (2.4). 

On account of Eq. (2.3), the following family of transition probability amplitudes for 
free quantum propagation, 

KM",P",t";q_',p',t') = [mt\q_\p''/m,I)^^'^\Uit',(i',p'/m,I)^^'^) , (2.11) 

displays the basic properties of a free propagator: 

i!r/q",p",r;q',p',r) = j^gii:^(q",p",r;q,p,Oi^^(q,p,^;q',p',r)c?qcZp. (2.12) 

This phase-space free propagator can be used4'i9 in the formulation of path integrals for 
quantum propagators in the presence of interactions. 

Upon suitable renormalization, these phase space free propagators converge in the 
sharp-point limit to the well-known free Feynman propagator for nonrelativistic quantum 
point particles: 

i7r/2ff^KM",P",t";q',p',t') -^-^ Kiq" ,t";(i ,t') . (2.13) 

However, the above required renormalization constant obviously diverges in this sharp- 
point limit. Closer scrutiny reveals4.i9 that the basic formulae, 

K^(q",p",t";(i,p',t') = \im^K^(q^,Pj^,t^;q^^,p^^,t^ ) 

1 

X Yl^Mn,Pn>tn;<ln-l>Pn-l,tn-l)dqndPn, e = {t"-t')/N, (2.14) 

n=N-l 

on which path integration in general relies, are mathematically well-defined in case of the 
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phase space propagators in Eq. (2.11). On the other hand, in the case of the Feynman 
propagators which rely on pointlike localization in configuration space, the same type of 
formulae, 

ir(x",r;x',f') = lim fif(x(^^);x(^^_l)) f[7^(x(^„);x(^„_,)) dx(i„), (2.15) 

are merely formal, since the above Lebesgue integrals exist if and only if their integrand are 
integrable in the absolute sense^^ - whereas that is not the case in Eq. (2.15). Hence, the 
mathematically rigorous treatment of Feynman path integrals require analytic continuations 
to imaginary time, leading to the well-known Feynman-Kac formula. On the other hand, 
the phase space path integrals resulting from Eq. (2.14) are mathematically well-defined in 
real time. This constitutes the basis of the usefulness of their special relativistic counter- 
parts, described in the next section. Moreover, it presents decided advantages in the general 
relativistic regime, which will be our main concern in these lecture notes. 

3. Special Relativistic Geometro-Stochastic Quantization 

In the special relativistic regime the role played in geometro- stochastic quantization by the 
Galilei group is taken over by the Poincare group. Similarly, that of nonrelativistic phase 
space is taken over by a relativistic phase space whose elements are labelled by the 4- 
vectors q and p = mv, with p restricted to the forward and backward mass hyperboloids in 
the case of particles and antiparticles, respectively. Hence, in the case of particles of rest 
mass m and zero spin, the Hilbert space L\r) of Sec. 2 is replaced with the Hilbert space 
L^(L) of wave functions (p(q,v) which are solutions in q of the free Klein-Gordon equation 
for rest mass m at each fixed value of v on the forward 4-velocity hyperboloid , and 
whose inner product is provided by the following integral over a hypersurface L = a x 
in relativistic phase space 

{cp\(p') = (p*iq,v)(p'{q,v)dE{q,v) , dE{q,v) = 2v^d(v^ - l)do^{q)d% , (3.1) 

where the a-component of E is a maximal spacelike hypersurface in Minkowski space. The 
above integration has to be carried out with respect to the unique (modulo a multiplicative 
constant) Lorentz covariant measure over L, so that the measure element m^dE reduces to 
dqdp along any hypersurface E for which a corresponds to a constant value of in the 
chosen global Lorentz frame of reference u. 

The nonrelativistic representations in (2.1) is now replaced by a representation which 
assigns the following operator, 

{Uia,A)(p)(q,v) = (p{A-\q - a),A-^v) . (3.2) 

to the generic element {a,A) of the Poincare group, consisting of a spacetime translation a 
and Lorentz transformation A. As in the nonrelativistic case, the complete harmonic analy- 
sis of this representation reveals a host of irreducible subrepresentations that are unitarily 
equivalent to well-known momentum-space representations. Each such subrepresentation 
is uniquely characterized by a resolution generator t] providing the orthogonal projector of 
L^(E) onto the subspace which carries it, since it generates the generalized coherent states 

r]i- = U{q,A^)i]^LHi:), C = iq,v), (3.3) 

if Ajj denotes the Lorentz boost to the 4-velocity v, and, moreover, that projector can be 
expressed in the form 
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P,= \Jn,)dEiC){v,\. (3.4) 
Hence, by an extrapolation of the interpretation of (2.4) in the nonrelativistic case, 

(piq,v) = {Uiq,AM (?) , 9 ^ P^^^'a) , (3.5) 

can be interpreted as a probability amplitude of detection of a quantum particle in a state 
described by the normalized vector (p in relation to the constituents of a special relativistic 
quantum frame associated to the classical Lorentz frame of reference u. 

We note that the above probability amplitude depends on the mean 4- velocity v of 
each micro-detector in the quantum frame relative to the corresponding classical frame. This 
is in complete accord with one of Born's key observations on an underlying reciprocity 
between spacetime and 4-momentum relationships in nature, as clearly indicated by the 
following quotation: "Ordinary relativity is based on the invariance of the 4-dimensional 
distance, or its square R = XkX^ . Can one really define the distance of two particles in sub- 
atomic dimensions independently of their velocity? This seems to me not evident at all." 
(Ref. 5, p. 208.) 

Born's idea of a quantum metric operator Z)^ = + containing a fundamental 
length I that restricts the sharpness of spatio-temporal localizability leads (cf. Ref. 4, Sec. 
4.5) to the fundamental quantum frames whose constituents are described by the 
generalized coherent states in (3.3), represented by the wave functions 

^Im M',^) = Zfrn L exp{[i(g - g') - ^(u'-n;)] • ^} 5{k^-m'')d^k . (3.6) 

' ' >0 

The normalization constant in Eq. (3.6) can be expressed in terms of the modified Bessel 
function K2, 

Z^^^ = 87t^ K2i2im)/£m^ = (4;rV^^m^) + Oir^) —^^^ + 00 . (3.7) 

This constant diverges in the sharp-point limit i ^ 0, but its value cannot be arbitrarily 
adjusted, since it is fixed by the fact that the operator in Eq. (3.4) is an orthogonal projec- 
tion operator, so that 

Km = \\^lm;^)dE(0{<Pl^.^^\ = (P,"^)* = (P,"„f . (3.8) 

As a consequence, no counterparts of Eqs. (2.7) and (2.10) exist. This is in agreement 
with the fact that, as pointed out by Wigner in a lecture series on conventional nonrelativis- 
tic and special relativistic quantum theory, "every attempt to provide a precise definition of 
a position coordinate [for a quantum point particle] stands in direct contradiction with spe- 
cial relativity" (Ref. 6, p. 313). 

Despite this fact, a consistent special relativistic quantum theory of spacetime 
localization is feasible if a fixed value i > is adopted as a fundamental length, since then 
the following current, constructed in analogy with the one in Eq. (2.9), 

j^iq) = 2l^^ v^\(p,(q,vfS(v' - l)d'v , (p,(q,v) = (^,"^;,» , (3.9) 

is Poincare-covariant and conserved. Most importantly, it has a positive-definite timelike 
component, so that it provides a bona fide relativistic probability current. 

This does not mean that the usual treatment of the Klein-Gordon equation has to be 
abandoned in the present framework, since the following counterpart, 

(g) = iZ,^^ l,^^ (p*iq,v)d^(p,(q,v) 5iv^ - l)d^v , = d/dq^ , (3.10) 

of the familiar Klein-Gordon current also exists, and it is Poincare-covariant as well as 
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conserved. However, as it is the case in the conventional treatment of the Klein-Gordon 
equation, this latter current is not a probability current, since its timelike component is not 
positive definite even for wave functions corresponding to positive energies. Hence, as in 
the conventional approach, its use is restricted to the formulation of quantum field 
theoretical couplings of Klein-Gordon fields to other fields in the quantum-geometric field 
theory discussed in subsequent sections. 

The normalization constant in Eq. (3.10) is uniquely determined by the following 
alternative form,2.4 

(p,\(pl) =i4-lo,o (p*M,v)d^(pl{q,v)da^'{q)5{v^ - Dd'v , (3.11) 

of the restriction of the inner product in (3.1) to subspace of L^(L) onto which the projector 
in Eq. (3.8) projects. Its value is finite for all ^ > 0, but it diverges in the sharp-point Umit: 

Zf„^=K^{2lm)lmK^{2lm) = 0jlrr{^) + O{l) ^.^^^ ) +oo . (3.12) 

As shown in Refs. 9 and 10, the divergence in the sharp-point limit £ —> of the two 
normalization constants in Eqs. (3.7) and (3.12) provides an explanation of the root causes 
of the divergences that plague the conventional formulation of QFT. In essence, this 
explanation is that, as maintained already in the 1930s by Bohr, Bom, Dirac, Heisenberg, 
and other founders of quantum mechanics, there does exist a fundamental length in nature. 
Hence, the appearance of all the divergences that plague conventional QFT is simply a 
manifestation of this underlying fact. 

In the present context, as a consequence of (3.8), we have 

Kf iq" ,v";q',v') = (0^", | = ^ Kiiq" ,v" ■,q,v)K(iq,v;q',v')dE{q,v). (3.13) 

Hence, as was the case in Eqs. (2.11) and (2.12), the above transition probability ampli- 
tudes display all the basic properties of a propagator, and can be used4'i9 in the formulation 
of path integrals. On the other hand, in the sharp-point limit £ — > -l-O we can carry out their 
renormaUzation, so as to obtain, 

2i27r)-'Z^K,iq",p";q',p') Kpiq"-q') , q" > q\ (3.14) 

i.e., so that the forward time-ordered phase space propagator determined by (3.13) 
converges in that sharp-point limit to the corresponding forward part of the time-ordered 
Feynman propagator for Klein-Gordon particles, which is given by 

Kp{x"-x') = 2{2KT^\ ^ exp[ik {x'-x")]dik^ -m^)d'^k, x'" > x'\ (3.15) 

•J k >0 

This basic feature contributes to the formal term-by-term convergence of formal 
perturbative expansions of transition amplitudes for collision processes in quantum- 
geometric field theory to their conventional counterparts in models involving Klein- Gordon 
quantum fields. Such term-by-term convergence can be achieved after other factors that 
diverge in the sharp-point limit have also been discarded - namely those divergent factors 
that appear in the formal sharp-point limit due to the independence of free Feynman 
propagators on the stochastic 4- velocity variable v .9, 10, 17 

Totally analogous comparisons between the quantum-geometric and the conventional 
approach to QFT can be drawn^.io in the case of the Dirac equation, quantum electromag- 
netic fields, etc. However, in the presence of gravity, the retention of a fixed value £ > 
for the fundamental length becomes mandatory, since very basic measurement-theoretical 
considerations20'2i show that Planck's length imposes an absolute lower bound on I, so 
that no spacetime localization can exceed the precision stipulated by Planck's length. 
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4. Quantum Geometry and General Relativity 

The basic physical idea in extending the geometro- stochastic method of quantization to the 
semiclassical general relativistic regime in which a Lorentzian manifold (M^^) is assumed 
to be a priori given, is based on the observation that, due to the strong equivalence 
principle, in classical general relativity (CGR) the role played by the Minkowski space 
= (R^, J]) is taken over by the fibres T^M of the tangent bundle TM, whose typical fibre is 
R^; moreover, the role of the global Lorentz frames L = {e^(Xg)| i = 0,1,2,3}, with their 
origins at points Xq g M'^, is taken over by the local Lorentz frames within the Lorentz 
frame bundle LM(^^), which has the Lorentz group S0(3,l) as its structure group. 
Hence, all the tensor fields that appear in CGR represent sections of various tensor bundles 
associated with LM.(g^). The resulting Lorentz gauge invariance is underlined by the fact 
that the Levi-Civita connection employed in CGR is compatible with the metric g^. 

Mathematically, this Lorentz gauge invariance can be always extended into Poincare 
gauge invariance based on the Poincare frame bundle PM.(g^), that has the Poincare group 
IS0(3,1) as its structure group. The Levi-Civita connection on LM.(g^) is then extended 
into a connection onPMig^), so that, as shown by Drechsler22, the operator forms V for 
covariant differentiation acquire four additional terms contained in the connection 1 -forms 

e' = e'+('Vay, s:x^(a,ej) , a = a'ei, (4.1) 

for any section s of PM.(g^) - where the canonical forms 0' are provided by the coframes 
i = 0,1,2,3} dual to the Lorentz frames {ej i = 0,1,2,3} in s; and where each 
Poincare frame {(a,ej)\ i = 0,1,2,3} is obtained by translating the corresponding local 
Lorentz frame by the 4- vector a within the tangent space within which that frame lies. 

Such an extension is not esential to CGR itself, but it is essential from the quantum 
point of view. This is due to the fact that the kinematics and dynamics incorporated into 
such equations of motion as those of Klein-Gordon, Dirac, etc., which govern quantum 
propagation, gives rise to generators of infinitesimal spacetime translations for unitary 
representations of the Poincare group. 

Hence, in order to describe quantum-geometrically the propagation of massive spin-0 
quantum fields, we shall construct the Fock-Klein-Gordon bundle 

£ {M,g^) = PMig^) Xg J , G = IS0(3, 1) , (4.2) 

associated with the principal bundle PM.(g^). The typical fibre of this quantum bundle is 
the Fock space 

^=@to^n, J„ = F®- . • ® F , F = Pr:mL'(^) , (4.3) 

obtained from symmetrized tensor products of the Hilbert space determined for the standard 
frame Mq in (R'*, 7]) by Eqs. (3.5), (3.6) and (3.8). Hence, the representation provided by 
Eq (3.2) gives rise within this Fock space to the representation 

oo 

f7(a,A) = 0f/(a,A)®" , (a,yl) g IS0(3,1) , (4.4) 

which can be used in the standard manner in the construction of the bundle G-product^-io 
that appears in Eq. (4.2), so that the Poincare group becomes the structure group of 
!E(M^^ ). We observe that the fibre 7^ above x e M contains the vacuum subfibre 7o-^ 
spanned by a local Fock vacuum state vector ^o.^-, which is left invariant by the counterpart 
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ofEq. (4.4) in J^. 

The operational description of measurements of spatio-temporal separations of 

events in a neighborhood of some base point x& M where the relative curvature effects are 
small, so that classically they can be described exclusively in terms of Riemann normal 
coordinates for which dxkdx^ = r\ikdx''dx^ at xeM, can be now supplemented, in 
accordance with Born's^ orginal physical and epistemological ideas, by fundamental 
uncertainties described by the local quantum fluctuation amplitudes 

A':\^';0 = -i^S-;^O, C = (a+^r^e.^e,) e r.MxV; , ^ = q-Uv {A.5) 

According to the interpretation of Eq. (3.5), these fluctuations result from the transition 
probability amplitudes of the geometric ally local quantum frames associated by the 
construction in Eq. (4.2) to each Poincare frame u{x) = (a(x),ei(x)), that can be used to 
define those Riemann normal coordinates by means of the exponential map at x. 
On account of Eqs. (3.8) and (3. 11), we have 

2\a[^\C';CU':\C;C") Siv' - 1) v,dG\q)d% = -iA':\C;C") > (4.6) 

so that the 2-point functions in Eq. (4.5) can also play the role of geometrically local 
propagators. Hence, with their help we can define annihilation operators by their action 

upon n-exciton state vectors ^n-^^^n as follows: 

((p'-\x;OK-^.ijC....,Cn.) = i^^^^ . (4.7) 

In conventional QFT the counterparts of these operators, and of their adjoints 
representing creation operators, have to be smeared with test functions. Indeed, in that 
context such operators are proven to exist only in the sense of operator- valued distributions 
(cf. Ref. 23, Sec. 10.4). On the other hand, the presence of the fundamental length I in the 
2-point functions in Eq. (4.5) renders them non-singular. This makes the annihilation 
operators in Eq. (4.7), as well as of their adjoints (ff^*\x;l^ representing creation operators, 
mathematically well-defined without any need for "smearing" with test functions. Hence, 
the Klein-Gordon quantum frame field 

(p(x;0 = (p^^\x;0 + (p^-\x;0 , C^T,MxV,\ xgM, (4.8) 

is well-defined as it stands. As a consequence, it can be proved^"!^ that when the Poincare 
group acts upon the elements s(x) of a section s of PM.{g^), the infinitesimal generators of 
the counterparts 

oo 

UsMia,A) = C/,(,)(a,vl)®'^ , six) e PM(g^) , (4.9) 

of the representation in Eq. (4.4) are given by the well-defined Bochner integrals (cf. Ref. 
18, p. 480) 

P,.,(,) = \:Tj,[(pix;0y-dc7\q)5iv^ - l)d'v , Qi^.^ = q^ -{Hm)djdv^ ,(4.10) 

Mi^, = \^<^,,,{rn(?{x^o\-QU.r\^^^ , (4.11) 

whose integrands are bona fide operator-valued functions, given by the normally-ordered 
values of the following bona fide operator-valued stress-energy tensor: 
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TjkW = Z,,,n((pj(P,k+^Vjk(m'(p' - 77>,i<p,,)) , (Pj = d(pldqj . (4.12) 

However, as can be seen from Eq. (3.12), divergencies manifest themselves in the sharp- 
point limit f — > +0. 

In each Fock fibre % we can introduce the Glauber-type coherent states 

^,=exp[-|(f|f) + 9^^'(f)]'Po;„ (p'^\t) = \(p'^\x;OnOdLiO, f ^ Ji;., (4.13) 

defined by the strongly convergent power series for the above exponential. These coherent 
states constitute a family of second-quantized frames, in the sense that they give rise to the 
following continuous resolution of the identity operator 1-^ in each fibre % > 

df df*(0,| = 1, , F, = Ji;, , (4.14) 

where the above functional integral is mathematically rigorously defined by the method of 
Berezin.25 These continuous resolutions of the identity will prove essential in Sec. 5) to the 
derivation of action integrals for quantum- geometric propagation, when taken in conjunc- 
tion with the fact that the elements of these second-quantized frames are bona fide eigenvec- 
tors of the annihilation operators in Eq. (4.7): 

(p^-\x;0^t = nO^f , f e F, . (4.15) 

This quantum-geometric propagation emerges from the fact that the quantum bundle 
!E(M^^ ) is associated with PM.(g^), and consequently each connection on PM.(g^) gives 
rise to parallel transport within 'EiM^g^ ). In particular, this is the case with the earlier 
discussed extension to PM.(g^) of the Levi-Civita connection on LM.(g^). Therefore, for 
any choice of Poincare gauge given by a section s of PM.(g^), the corresponding parallel 
transport determines the quantum connection^-io (cf. Ref. 38 about the sign conventions) 

V=d+i0'P,^,+ ^a>j,Mi'' , d = 0% , (4.16) 

whose connection 1 -forms are those derived from that extension, and whose infinitesimal 
generators for spacetime translations and Lorentz transformations are the ones in Eqs. 
(4.10) and (4.1 1). Thus, Poincare gauge covariance is embedded into the parallel transport 
resulting from this above quantum connection. 

5. Quantum-Geometric Propagation in Quantum Bundles 

In a stationary but nonstatic classical spacetime represented by a Lorentzian manifold 
(M,^'"), the conventional QFT formulation of free-fall field propagation gives rise to ex 
nihilo particle production. 26 This violates local energy-momentum conservation as well as 
the strong equivalence principle of general relativity since, according to that fundamental 
principle, all observers in free fall are inertial; consequently, the situation should appear to 
them locally the same as in Minkowski space, where such ex nihilo particle production is 
not in evidence. 

In the quantum-geometric formulation of QFT, this difficulty can be overcome by 
applying to all the fields defined on quantum bundles over curved spacetime the original 
form of the path-integration method advanced by Feynman. In that original form27,28 
path-integral depiction of quantum propagation was formulated in spacetime, rather than in 
the nowadays more popular momentum representation. Its two central ideas were that such 
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propagation takes place over broken polygonal paths in nonrelativistic or relativistic flat 
spacetimes, and that all the observed probability transition amplitudes result from the 
superposition of spacetime probability ampUtudes over such paths. 

The quantum-geometric adaptation^-io of these ideas to a curved spacetime repre- 
sented by a Lorentzian manifold (M,^^) is based on replacing the straight lines of such 
broken polygonal paths with the arcs of geodesies of the Lorentzian metric g^, and on 
deriving spacetime propagators by extending the strong equivalence principle from the 
classical to the quantum regime. The latter feature entails that free-fall quantum-geometric 
propagation is governed by the Levi-Civita connection determined by g^, so that ex nihilo 
particle production is thereby avoided. Moreover, a central role in such quantum-geometric 
evolution is played by the local proper energy density and 3-momentum of the nongravita- 
tional sources associated, as is the case in classical canonical gravity, with a geometrody- 
namic evolution of spacetime that is mathematically equivalent to a foliation of Lorentzian 
manifold (M,^^) into a family of reference hypersurfaces Zt with unit future-pointing 
normals n(x) e T^M. 

The presence of the fundamental length I makes the definition of such geometrically 
local quantities not only mathematically consistent, but also in keeping with the uncertainty 
principle, since the envisaged spacetime localization is not infinitely precise, but exhibits 
stochastic fluctuations described by the quantum fluctuations amplitudes in Eq. (4.5). 
Hence, let us introduce the quantum-geometric field 

^(x,i;):= ^(x;(0,i;)) , r = i;'e^(x) e , (5.1) 

whose values are actually independent of the chosen local Poincare frame (a(x),ei(x)) e 
PMig^); furthermore, let us consider for any section s = {a(x),ej(x)| x e M} the local 
energy-momentum density operators 

Pj./x) = nKx)l„^^:Tj,[qKx;v)]: 5iv^ - 1) d^v , (5.2) 

where ai^(x), k = 0,1,2,3, are the components of the normal nix) with respect to the local 
Lorentz frame {ej(x)}, x g Lt, and the stress-energy operator is the one that appears in Eq. 
(4.12). If the Poincare gauge represented by s is adapted to the family of reference hyper- 
surface Ef, in the sense that the timelike components of its vierbeins are orthogonal to those 
hypersurfaces, then the proper energy operator p and the 3-momentum operators j(j of the 
quantum-geometric field ^can be defined as in classical canonical gravity: 

p(x) = P,./x) , j„(x) = P„.» > « = 1,2,3 . (5.3) 

We note that, as opposed to the quantum frame field in Eq. (4.8), the quantum- 
geometric field in Eq. (5.2) does not depend on the Poincare gauge variables qj,j = 
0,1,2,3. The reason is that, although these variables are required for the definition of 
infinitesimal spacetime translations at each base location x e M, they cannot play a direct 
physical role, as it becomes evident as soon as the transition to the special relativistic 
regime is performed. Indeed, in case that (M,^^) is the Minkowski space M'^ = (R^, rj), a 
global Lorentz frame L = {ej(xQ)| i = 0,1,2,3} with its origin at Xq g corresponds to 
the following cross-section of the Poincare frame bundle PM^, 

SoiL) = |(a(x),ej(x)) a(x) = -x'ej(x)er^M^ , x = x'ej(xo) € M^j , (5.4) 

due to the fact that each tangent space T^M'^ can be identified with M'^ itself. Hence, each 
special-relativistic state vector ^ eF can be then identified with a cross-section { Wi.^ g i?i | x 
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gM} of the quantum bundle 'E(M'^) whose local state vectors Wi-xhave coordinate wave 
functions that satisfy 

W^.J-i£v) = (iK-aix)-i£v) , - aix) = ix\...,x^) eR"^, (5.5) 

in the Poincare frames of Sq(l ); by analytic continuation the values of ^P^ x (q—i£v) are then 
uniquely determined at all g e R^. In view of the Poincare gauge invariance of the quantum 
geometry framework, this identification is invariant under changes of global Lorentz frames 

L , since all such changes induce corresponding changes in the global Poincare gauges of 
the type in Eq. (5.4). Hence, the special relativistic framework of Sec. 3 is recovered as a 
special case of the present Poincare gauge invariant framework, and the gauge variables qi 
are seen to be physically redundant. 

This suggests the construction of the Fock space 

!f=®:=o^n, !fn=Ff--®F, F = {/|/-gF}, (5.6) 

whose state vectors consist of n-exciton field modes 'l'^ ^ ^ n ^^^^ related to the 
corresponding g by the equalities 

^^(v„...,vj = %(-aix)-i£v„...,-aix)-i£vj , g . (5.7) 

By analytic continuation, these equalities establish isomorphisms between ^ „ and J„ for 
n = 1,2,.... In turn, these isomorphisms become isometrics if the restrictions of Eq. (3.2) 
to Lorentz transformations are employed to introduce in F Perelomov-type generalized 
coherent states as in Eq. (3.3). We then have that 

{^i|^2) = Zf:^^l^^^9*i(v)q>^(v)d{v^ - Dd^v = {(pi\(p2\ 9i,92 ^ F , (p„(p2 g F, (5.8) 

where the value of the renormalization constant Z^^^ can be determined lO'i^ by the method 
presented in Ref. 15. 

We can now define a bundle of localized quantum field excitation modes of (p , 

'E(M,^L) = LM(g^) Xg , G = S0(3,l) , (5.9) 

which has the Lorentz group as its structure group. On account of (5.7) its Lorentz gauge 
covariance can be extended into the Poincare gauge covariance of the Fock-Klein-Gordon 
bundle in Eq. (4.2), so that the parallel transport in the latter can be transferred to the 
former. We can use this fact to define the quantum-geometric evolution between two such 
hypersurfaces Ef, and Ep, of a geometrodynamic spacetime evolution given by a foliation of 
the Lorentzian manifold (M^'") into synchronous reference hypersurfaces labeled by a 
globally defined parameter t . 

Let us therefore consider for some integer N the family of reference hypersurfaces 
, n = 1,...,A/', which are such that E^, =Efg and Ef„ = E^^ , and that — tn-i = it"— 
t')IN = £ . Let us denote by the segment in the base manifold (M,^^) between the 
hypersurfaces Et^_^ and Ef^, to which we shall refer as its inflow and outflow hyper- 
surface, respectively. For a choice of cross-section s = {a(x),ei(x)\ x gM} of the 
Poincare frame bundle PM we then introduce above each one of the inflow-outflow 
hypersurfaces corresponding to n = 1,...,A^-1 the coherent field-mode sections 

^^JxJ e , (pn(x^ ) e ' <?>n e F , X„ G Z,^ , (5.10) 

determinedly from single -boson states cp^ within the typical fibre F in a manner which 
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naturally extrapolates the construction in Eq. (5.5) from flat to curved spacetimes. Let us 
then consider all the broken paths between E^, and E^,, which consist of geodesic arcs 
YiXn-i,Xr) connecting points x^-i on inflow hypersurfaces Z^^^ with points x„ on the 
respective outflow hypersurfaces Et^of the base-segments S„, n = 1,...,N. 

As mentioned earlier, quantum-geometric propagation proceeds by parallel transport 
that abides by the strong equivalence principle and by the geodesic postulate. 
Consequently, if Ty(x„,X;j_i) denotes the operator for parallel transport along Y(Xn-i,Xn) 
determined by the quantum connection in Eq. (4.16), the quantum-geometric free-fall 
propagator is given by 



n=N 



'(5-11) 



where p(Xn) is given by Eqs. (5.1)-(5.3), and c?o(x„) is the Riemannian measure element 
determined by the 3-metric induced by the Lorentzian metric on the spacelike reference 
hj^ersurface Et^. The above functional integration is to be carried out over all the coherent 
field modes above Et^ with respect to the functional "measure" 

'^'Pn =11, "^^"Pni^^n)^ , (5.12) 

in the sense of Riemannian^o rather than of Lebesgue integration, so that no transition to 
imaginary time and the "Euclidean regime" is required - as in the case with the Feynman- 
Kac formula. Rather, the smoothness of coherent sections secures the existence of such 
integrals over physical families of stochastic paths in real spacetime. 

The key formula (4.15), together with other properties of coherent states, enables the 
recasting of Eq. (5. 1 1) in the form of the path integral 

Ki(pix");(pi^)) = \B(pexp[iSi(p)] , B(p = ll,„^,^,,ll^^^ 'D (pix) , (5.13) 

based on an action that can be expressed terms of a Lagrangian density: 

Si(p) = jl'dtj^ d(j{x)^ d{v^ - l)d'^vLo((Ptix,v),(pt_Qix,v)) , (5.14) 

^0 =iZ^,m[^M>v)q)t(x,v)-$t(x,v)ft-o(x,v)j-TQQ[^t(^^^ . (5.15) 

Thus, in quantum-geometric field theory Lagrangians and action integrals are derived from 
geometric physical principles, rather than being postulated. Nevertheless, it has been 
showni0J7 jj^aj fig|(j interactions can be incorporated without difficulty in the quantum- 
geometric framework, and that in the special relativistic regime agreement with 
conventional QFT can be achieved by taking the sharp-point limit ^ — > in a formal 
perturbation expansion. 

6. The Physical Foimdatioiis of Geometric Quantum Gravity 

The extrapolation of quantum-geometric propagation to quantum gravity, where matter 
fields are in mutual interaction with a quantum gravitational field g'^, has to take into 
account the fact that already in classical gravity such mutual interactions between "matter" 
fields (including those describing nongravitational radiation) and gravitational fields display 
diffeomorphism invariance.29 Thus, if the Lorentzian manifold (M,^^) provides a CGR 
model for spacetime, and if \|/ : M ^ M is any diffeomorphism of M onto itself, then the 
Lorentzian manifold (M,^'^) provides a physically equivalent model if we set. 
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g'^=W,g^, T'a = Mf.Ja, x'ii{t)=Mf{Xp{t)) , (6.1) 

for all the matter and radiation tensor fields Ta , as well as for all causal test-particle world- 
lines {xp(t) s M} of that model. Hence, if lUern^M. is the family of all Lorentzian metrics 
in M, and if DiffM. is the diffeomorphism group on M, then a CGR model in M is actu- 
ally represented by an equivalence class ^ , 

3^ ={ ¥*^^ I ¥ e WV*} e mem^MIDiffm , (6.2) 

of Lorentzian metrics in M, which constitutes a gauge orbit (M,^^) within the principal 
bundle ZJyfM Riem^M Riem^M/ DiffM. 

The extrapolation of this fact to quantum gravity can be achieved by considering that 
such a CGR gauge orbit provides a metrization in M. This metrization is mathematically 
represented by the reduction of the general linear frame bundle GLM. to the family of all 
Lorentz frame bundles LMig^) with e Physically, such a metrization is tantamount 
to an operational verification aimed at establishing which physical representatives of linear 
frames {eo(x),...,e3(x)} in GLM are actually local Lorentz frames in the physically 
existing metric. Indeed, given the fact that the existence of such a metric is a feature of the 
physical reality around us, rather than a matter of mere choice left to the discretion of the 
experimenter, or of the observer of a given physical occurrence, from the point of view of 
CGR such a procedure amounts to verifying which ones of the linear macro-frames, 
consisting of "rigid rods" and "standard clocks," are Lorentzian in the operational sense 
originally stipulated by Einstein. However, if a relabeling of all frames, test bodies and 
fields is carried out, this physical verification cannot distinguish between all the various 
choices of mathematical labels {eo(x),...e3(x)}, if such relabelings are related by means of 
diffeomorphisms that give rise to various equivalent Lorentzian metric representatives. 
Moreover, even in those cases where the mathematical labeling of frames, test bodies and 
fields is kept fixed, by the strong equivalence principle physically equivalent descriptions 
of natural phenomena are still obtained for physically distinct choices of inertial Lorentz 
frames, if those frames in free fall are related by Lorentz gauge transformations. 

The adaptation of these basic facts to quantum micro-frames leads, ^'^"^ in broad 
outline, to the following formulation of quantum geometrodynamic evolution: the presence 
of a specific state of the quantum gravitational field gQ within a base segment S„ dictates 
the quantum-geometric evolution of all the quantum "matter" fields from the inflow 
hj^ersurface ^tn-i ^'^ outflow hypersurface of that base-segment; the values of the 
local quantum energy-momentum density operators of all the quantum "matter" fields in the 
resulting states of those fields along Et^ then creates a QGR gauge orbit (S^+i,^^) by 
metrizing the quantum frame bundles over the subsequent base segment S„+i; this 
determines the formation of local states of the quantum gravitational field gQ within that 
base-segment (whose mean values provide the Lorentzian metrics in g^), and singles out 
within the quantum gravitational fibres above its points x the multi-graviton states of 
quantum gravitational radiation. This process then repeats itself from segment to segment, 
with the limit to "infinitely-thin" segments being eventually taken. 

Of course, the presence of constraints and quantum gravitational self-interaction has 
to be taken into account before this very sketchy picture of quantum-geometric gravitational 
evolution can be completed into a legitimate extrapolation to the quantum regime of Ein- 
stein's formulation of classical gravity. This involves the extension of the base-segments 
S„ into supermanifolds over which a quantum gravitational superbundle can be defined, 
and on whose sections a quantum gravitational gauge supergroup can act. As we shall see 
in Sec. 9, this quantum gravitational supergroup incorporates diffeomorphism invariance as 
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well as Poincare gauge invariance. 

The resulting framework shares common features with both covariant and canonical 
quantum gravity, but it is also fundamentally distinct in many respects. Thus, in geometric 
quantum gravity equivalence classes ^^of mean metrics are generated by the quantum geo- 
metrodynamic evolution of gravitational fields in mutual interaction "matter" fields, so that 
no "background" metric is prescribed - as is the case in covariant quantum gravity. 
Moreover, the presence of quantum (super)-frames also resolves the "issue of time" - 
which is much-debated in contemporary canonical gravity.29 This solution emerges from 
de Broglie's fundamental idea^o that, on account of its rest mass m, each massive elemen- 
tary quantum object represents a natural clock with period T = 2nlm in Planck natural 
units. The replacement of global with local frames insures that such a proper time is kept 
locally, in accordance with the fundamental features of Einstein's general relativistic con- 
ceptualization of an ultimately valid description of nature. On the other hand, the use of 
bundles of quantum frames or superframes which incorporate the fundamental length i into 
their very structure eliminates all need for de Broglie's "pilot waves." Thus, the replace- 
ment of classical geometries, upon which de Broglie founded his ideas, with quantum geo- 
metries, obviates the need for extraneous assumptions about quantum reality in the same 
manner in which the introduction of the geometry of Minkowski space obviated the need 
for regarding Lorentz contractions of (classically visualized) electrons as real phenomena. 

In the subsequent sections we shall outline how these fundamental physical ideas can 
be described in a mathematically precise manner (cf. Chapter 8 of Ref. 10 for the details). 

7. Graviton Fibres and Their Internal Gauges 

We initiate the geometro-stochastic quantization of gravity by considering a generic QGR 
gauge orbit (S,^ ^), generated during the course of geometrodynamic evolution. The base- 
segment S in such a gauge orbit is a differential manifold, whose boundary 3S is composed 
of two disjoint hypersurfaces Z' and Z" that constitute its inflow and outflow hypersur- 
faces for quantum data emerging in the course of that evolution, and of an equivalence class 
^ ^ of mean metrics, which gives rise to the metrized bundle P*S^(^^ ) of (affine) Poincare 
coframes u = {a*{x),0\x)} above S. 

We can associate with each such coframe u gP*S^(^^) a single-graviton fibre Z„ 
consisting of the graviton state vectors represented by the wave functions 

f{u;0 = (^^r''^Lexi>{-iC k)f(u;k) dQ^ik) , C = Q-iiv , (7.1) 

that are generated by all the momentum- space wave functions 

f(u;k)=fij(k) e\x)®e\x) , fifk) ^ fjlk) , (7.2) 

in the mass-0 and spin-2 pseudo-unitary representation 

Uia,A) : fi^ik) ^ f;fik)=exp(ia-k)Ai'A/f,jU-'k) (7.3) 

of the orthochronous Poincare group IS0'^(3,1). Each such fibre Z„ is a Krein space,3i i.e., 
it is a pseudo-Hilbert space, which in the present context carries the indefinite inner product 

(/ID = j^. rfn^q^ih) ~nj.{k)dQ,{k) , dQ,{k) = S(k^) d'k , (7.4) 

and the positive-definite e/„ -inner product associated with the coframe u GP*S^(g^): 



16 



{f\f')j. = i:L=o k ^^o(^) . (7.5) 

The fonner is left invariant by the representation resulting from (7.3), 

Uia,A) : f^j{ q-Uv) ^ /jjC q-Uv) = Af A/ fi,jiA-\q -a)- iM'^ ; (7.6) 

whereas, the latter is not invariant under Lorentz boosts, but the majorant topology^i to 
which that t/„ -inner product gives rise is left invariant by this representation. 
Let us now introduce the generalized Lorenz gauge subfibres of Z„ , 

ZL^' = {/• e Z„ I ^% = , J = 0,1,2,3 } , d' = d/dq\ (7.7) 
They are obviously left invariant by the internal Lorenz gauge transformations 

f = fij0\x)®0j(x) ^ f'= fi] e\x)®e'(x) , f,f'eZ^, (7.8) 
mo = fij(0 + d.XjiO + djUO , d^XjiO = , d%(0 = . (7.9) 
The generic element / of Z„ can be decomposed in the following unique manner, 

f = r+r+f € zL^' , r e , € N„ , (7.10) 

where is the element of the TT-subfibre of Z„, whose elements satisfy the transverse 
and traceless conditions that are well-known from linearized gravity, and can be expressed 
as a superposition of two physical (linear or circular) modes of polarization; whereas, the 
pseudo-orthogonal complement of f"' belongs to the nuU-subfibre 

N„={/"eZ„|(/'|/') = 0} (7.11) 

of Z„, which can be shown to be a subspace of the proper Lorenz gauge subfibre corre- 
sponding to bj(^ = 0,j = 0,1,2,3, in Eq. (7.7). 

Let us introduce the following expansion of a superlocal (i.e., local in P*S^(g^), and 
not just in S) graviton wave function, 

fiu;0 = i27t)-"' L exp(-iC- ^) £^''^(1*;^) ® e^'\u;k) f^,,^(k) dQ^ik) , (7.12) 

with respect to the graviton polarization null-frame whose elements are given by 

E^^'^HuiC) = f .expiiiC -C') k]£^''\u;k)®£^'\u;k)dno{k) , r,s = ±1,±2. (7.13) 

This graviton polarization null-frame is obtained from the null polarization cotetrad whose 
elements within the complexified cotangent space T'^*S, 

e^-Hu;k) =+^(£^'\u;k) ± i£^'\u;k)) = +^(0\x) ± i0\x)) ■ R{h , (7.14) 

e^^^\u;k) = kiOXx) = k , e^-^\u;k) = k-^e\x)-\kfk , (7.15) 

are the outcome^'io of a standard application of Wigner rotations to the linear coframe 
{d\x)} within the affine coframe u. Then the TT-gauge subfibre appearing in Eq. (7.10) 
can be expressed as follows: 10 

={rLArrK^''''' I f = ^ '^u] . (7.16) 

The proper Lorenz gauge subfibre of Z„ that contains the TT-gauge subfibre in Eq. 
(7.16) is left invariant by the representation in (7.6). In case that (a, A) in Eq. (7.6) is 
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allowed to vary only over the proper Poincare group ISOo(3,l), the restriction of the 
resulting representation of ISOo(3,l) to the proper Lorenz gauge subfibre of Z„ can be 
shown 10 to be equivalent the Wigner-type representation of that group given by the 
following transformations under the action of (a,A) g ISOo(3,1), 

The wave functions in Eq (7.17) are the two graviton circular polarization components 

«±(C)= /[±1±1]? , flrsK = Vrr'lss'{e""'''^\f) , ^,8 = ±1,±2 , (7.18) 

contained in the expansion in Eq. (7.12) of a graviton state vector above u eP*S^(^^). 

8. Quantum Gravitational and Berezin-Faddeev-Popov Frames 

To carry out the geometro-stochastic second-quantization of gravity, we construct a 
quantum gravitational fibre £;„ above each Poincare coframe u = {a*{x),0\x)} 
gP*gT^gM) assigning to each u a superlocal vacuum state vector *Po.„, that spans the 
one-dimensional superlocal vacuum sector Zo.,u- We then use the M-dependent e/„ -inner 
product in Eq. (7.5) to add to Z(^„ the J„ -direct sums of symmetrized tensor products of 
the graviton fibre Z„, thus arriving at the quantum gravitational fibre 

^„=©r=o^«;» ' ^.;u=Z„f---®Z„. (8.1) 

Within this quantum gravitational fibre we can define graviton annihilation operators that 
act on n-graviton state vectors belonging to Zn-ju^^ follows, 

and corresponding graviton creation operators which are their t/„-adjoints.3i We can then 
introduce in Lorenz quantum gravitational subfibre of £;„ the elements 

0f = exp[-i{f\f) + g^^\u;f)] , f s , (8.3) 

of a quantum gravitational frame, defined by the general procedure used in Eq. (4.13). 
However, due to the presence of an indefinite metric, this quantum gravitational frame 
provides the continuous resolution of the identity 

\^^\^f) dfdf{^f \ = ll\ (8.4) 

only within the physical quantum gravitational fibre above u, corresponding to the 
following -orthogonal decomposition of the Lorenz quantum gravitational subfibre: 

Zi^'=zr®^u, ^„={'Fezf |CF|'P) = 0} . (8.5) 

To treat the remaining degrees of freedom of graviton polarization, representing 
Mnphysical modes, we shall use adaptations^-io to the quantum-geometric framework of 
quantum nonabelian gauge-field theoretical techniques. ^2 Thus, we shall introduce above 
each u sP*S^(g^) the graviton ghost and antighost fibres 

F„ = { c = q 0\x) I ic„...,c,) e K } , F„ = { c = q e\x) \ ic„...,c,) s K^} , (8.6) 

where K is a Krein space (with denoting its dual) consisting of functions in terms of 
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which we can cany out for the decompositions in Eq. (7.10) the identifications 

= nf e\x) ® e\x) ^ G F„ , fif = d,c) + djcl , d'cl = , (8.7) 
f = f^. e\x) ® eHx) ^ G F„ , f^ = df) + djcf , djd'cf = bj . (8.8) 

We can then construct Faddeev-Popov (FP) ghost and antighost fibres, 

^u = @'^.,(K®-®K)n , ^„ = e;_^(F„®"-®F„)„, (8.9) 

in which we can define in the standard manner the fermionic-type action of the ghost 
annihilation and creation operators C^~'(u; ^) and C*"^'(u; 0, respectively, together with 
that of the conjugate operators C*"'(a; Q and C*"^'(m; Q acting on antighost states. 

By following procedures that emerge from the standard techniques that are employed 
in Berezin integration, ^5 we make the transition to the BFP (i.e., Berezin-Faddeev-Popov) 
ghost-antighost superfibres 'B^ ® 'Bu obtained by introducing a J„-orthonormal basis {c„.i, 
<^.2, ...} within each F„, and its conjugate within F„, and then setting 



B = c = 0«c. 



^„"=K;«|c)^„^«, a = 1,2,... , ceF„| , 



(8.10) 



^u=[o=Cu;aQ:\Q:=[^uMjJa, a = 1,2,... , C G F„ j , (8.11) 

where -^^ and -^^ are the generators of a Grassmann algebra. Within these superfibres we 
introduce the ghost and antighost BFP superframe elements 

= ^^v[-\YZJu ^u] exp(c'^'(u;c)) W,^^ , c g B„ , (8.12) 

^ = exp(-|i;^^,0« e^] exp(C^-V;c)) •Fo^„ , c G B„ . (8.13) 

The resulting superframes supply continuous resolutions of the identity within the 
corresponding FP ghost and antighost fibres in Eq. (8.9): 

f {W\0,)dcdc{0,\^) = {W\W), •F,«P'GiF„, (8.14) 
j {W\^)dcdc{^,\W')={W\W), •F,rGj„. (8.15) 

The fundamental significance of the quantum gravitational frames and of the BFP su- 
perframes introduced in this section to the formulation in Sec. 1 1 of quantum geometro- 
dynamic evolution is that, in addition to supplying continuous resolutions of the identity, 
the elements of these frames and superframes are also eigenvectors of corresponding 
annihilation operators, so that we have: 

g^\u;0^f=nj{0^f , f = nje\x)®e\x)^Z^^\ (8.16) 

Cl-\u;0^, = c(C,0^e , Ct\u;0^ = ciC,i)^ . (8.17) 
These features mediate the extension of the techniques of Sec. 5 to quantum gravity. 

9. The Quantum Gravitational Supergroup 

Each of the TT-gauge subfibres of Z„, defined in Eq. (7.16), is left invariant by the semi- 
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direct product of the spacetime translation group and the rotation group 0(3) viewed as a 
subgroup of the orthochronous Poincare group IS0\3,1), but not by the Lorentz boosts 
A„ within IS0\3,1). Hence, we shall carry out the decompositions 

ia,A) = ia,R)(0,A^) e IS0\3,1) , (a,R) e T^a 0(3) , A„ e S0o(3,l) , (9.1) 
(a, A)-' = iO,A-')i-R-'a,R-^)e ISO\ 3, 1) , i-R-'a,R-') = ia,R)-' , (9.2) 

of a generic orthochronous Poincare transformation and its inverse. Then, if we introduce 
the quantum gravitational superfibres 

zi=z7®^„®:B„, (9.3) 

and consider within them the quantum gravitational coframes with elements 

<^f,c,b,c = ® <^ ® <c . /^Z^^ beF„, ceF„\ ceF„\ (9.4) 

we can take advantage of Eqs. (9.1) and (9.2) to transfer the action of a Lorentz boost A^ 
upon a (classically conceptualized) coframe u e P*S^(g^) into the action upon the 
corresponding quantum gravitational coframe in Eq. (9.4), carried out via the actions 

[7(0, A„) : = 0«c„;« ^ Cc„;« , C= (c„;«|c^)^_^f/S0,A,).?^ , (9.5) 
U{Q,A,) : = Cc„;„ ^ Cc„;„ , C= (c„;«|c^)^_^t7f(0,A,)7>^ , (9.6) 
Lr;(0,A,) = (c„.^|t/(0,A„)c„.„)^_^ , a,p = X2,..., (9.7) 

upon its superlocal ghost states (associated, in accordance with Eqs. (8.7) and (8.8), with 
the decomposition in Eq. (7.10) in any given generalized internal Lorenz gauge), and to 
corresponding actions upon its superlocal antighost states. This constitutes the first step in 
the construction of a quantum gravitational supergroup that represents the counterpart of the 
CGR gauge group given by the semidirect product 

g{M,g^) = GAiDiffM) A ^(P(M,IS0^(3,1)) , (9.8) 

which corresponds to the equivalence class £^ of physically equivalent Lorentzian metrics 
of a CGR model over a classical spacetime manifold M (cf. Sec. 6). 

To understand the physical significance of the CGR gauge group in Eq. (9.8), con- 
sider the general affine coframe bundle GA*M consisting of all the affine coframes 
{a*ix),d\x)}, X eM., over the manifold M. Let us then express the notion of diffeo- 
morphism invariance discussed in Sec. 6 in terms of the vertical automorphisms determined 
by the following action of the diffeomorphisms \|/ e LHffM. upon any section s of GA*M, 
representing a moving coframe in the sense of Cartan:33 

D(\|/) : s = {(a*,d')} ^ s' = {(yja* i), (o' ov,/ 1)} . (9.9) 

This action gives rise to a moving coframe s' with the same domain as that of s, so that, 
upon covering GA*M with a bundle atlas of local trivializations associated with local sec- 
tions of GA*M, we can assign to each \\fe DiffM. a vertical automorphism i/ae AuImP- 
In this manner we arrive at an isomorphism between DiffM. and a subgroup Gj^iDiffM.) 
of the group AuImP of all vertical automorphisms in the principal bundle P = GA*M. 

Consider now the metrized affine coframe bundle P*M (^^ ) corresponding to the 
family of all Lorentz frame bundles LM.{g^), e described in Sec. 6. Let us call a 



20 



cross-section of P*M {g^ ) a physical moving coframe in M if it coincides with a cross- 
section s of one of its subbundles P*'NL^{g^). We shall denote such a physical moving 
coframe by {s,g^), so that the corresponding cross-section {0^{x) | x e M } of L*M^(^l) 
represents in CGR a vierbein. The following action of the gauge group AuIm-PM^^^), 
which is isomorphic to the group g (P(M,IS0\3,1)) of Poincare gauge transformations 
appearing in Eq. (9.8), and the subgroup GAiDiffM.) of AutM<jA*M upon any such 
physical moving coframe (s,g^), 

(il/,(l>) : (s,g^) ^ ( s ° <i> ° ,\|/, ^L) , ij/e GAiDiffM) , ^ ^ AuImPMV) ,(9.10) 

clearly represents the mathematical embodiment of the kind of generic change of moving 
frame of reference in CGR under which all physical predictions of a CGR model remain 
invariant. By Eq. (9.10), this combination of Poincare gauge invariance with the diffeo- 
morphism invariance gives rise to the group multiplication law 

{xif MV, <!>') = <P'), V y & GAiDiffM), ^(P),(9.11) 

where P = P(M,IS0^(3,1)), thus determining the CGR gauge group in Eq. (9.8). 

Due to the fundamentally indeterministic character of quantum theory, which is based 
on a theory of measurement in which the quantum states of matter fields can undergo 
reductions that can be only probabilistically predicted, it would be inconsistent to assume 
that the structure of spacetime can be deterministically predicted at the microscopic level, 
since any change in those states is bound to affect its quantum geometric structure. Hence, 
local indeterministic changes in the mean metrics of a quantum gravitational field can 
occur with the passage of proper time of local observers, so that, as opposed to the 
situation in CGR, there cannot be a global counterpart (M,^ ^) of the CGR gauge orbit 
iM.,£^), and global diffeomorphism invariance loses its raison d'etre in the quantum 
gravitational regime. This implies that the only form of causality by which quantum 
geometrodynamic evolution can abide is the one in which the time-ordering of local events 
is correlated to the time-ordering of the inflow and outflow hypersurfaces Z' and Z" of 
base-segments S created during that evolution. In other words, any mean metric to 
which the inflow of matter and radiation gives rise has to be such that the futures of all 
points on Z' that are classically causal in relation g^ intersect X", and the pasts of all 
points on Z"" that are classically causal in relation to the same g^ intersect Z' . 

This implies that the quantum metrization of a general affine coframe bundle GA*S 
selects a metrized coframe bundle P*S\^^) corresponding to a family £^ ofLorentzian 
mean metrics g^ that are diffeomorphically equivalent under the group DiffQ S of diffeomor- 
phisms of a base-segment S that leave its inflow and outflow hypersurfaces invariant 
(rather than under the group DiffS of all diffeomorphisms of S), thus giving rise a QGR 
gauge orbit (S,^^). Each diffeomorphism \|/ &Diff(^ gives rise, in the same manner as in 
the above considered classical context, to a vertical automorphism y/ e GA(DiffoS). In 
general, such a y/ acts on physical moving coframes given by cross-sections s of the 
Poincare coframe bundle P*S\g^), by mapping them, in accordance with Eq. (9.9), into 
physical moving coframes given by cross-sections s'of some other Poincare coframe 
bundle P*S\g'^) with g'^ g (S,^ m) xhe family Ga(Wc3) of all such vertical automor- 
phisms constitutes a subgroup of the vertical automorphism group Aut^P for P = GA*S. 

We can proceed as in Eqs. (9.9)-(9.10) to define the combined action of quantum- 
geometrically causal diffeomorphisms and Poincare gauge transformations 
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(V^,^): (s,gM) ^ (s',g'M), (vA,^) G ^ (S,^M) = GaWo S)a^(P(S,IS0\3,1)), 
(9.12) 

on any physical moving frame (s,g^), given by a cross-section s of the Poincare coframe 
bundle P*S^(g'^) corresponding to some mean metric g^ g (S,^ ^). The ^-component of 
this transformation can be related to the supergauge transformation 

U,(v^(x),0(x)) = C7(a(x),i2(x))®U(s(x);c(x),6(x),c(x)) , (9.13) 

whose first factor is determined on the basis of Eqs. (7.6) and (8.1), 

ma,R) = Uia,Rf'' , (a,R) s T'a 0(3) e IS0^(3,1) , (9.14) 

whereas the second factor results from expressing the quantum gravitational coframe in Eq. 
(9.4) in the form 

<b,c= %;u ® < •U(a;c,6,c) , (9.15) 
Viu;c,b,c) = exp{^dCiu) + dCiu) + dd[Biu)+ ^C(u)xCiu)^ , (9.16) 

eciu) = 0«c«,o(w), sciu) = e"c„{u) , eoBiu) = e^e^B^iu) , (9.1?) 

eeC(u)xC{u) = £^^^0«0«(4 + {C„>),C»}) , B,{u) =5(u;bX;« ), (9.18) 

where B denotes a bosonic gauge-fixing field, and C and C are the ghost and antighost 
fields whose creation operators appear in Eqs. (8.12) and (8.13), respectively. Thus, if we 
start from a TT-gauge fixing with respect to is,g^), which corresponds to a choice of 
quantum gravitational coframes whose elements are the duals of the coherent states cfyfor / 
eFs(x}^^ the TT-gauge everywhere in S, and take advantage of Eqs. (9.1)-(9.2) to write 

^(s(x) • (a(x), A(x))) = (0, A;'(x)) 0(s(x) • (a(x),i2(x)))(0, A») , x g S , (9. 19) 

we can assign to the gauge transformation in Eq. (9.12) the quantum gravitational gauge 
transformation provided by the following change of quantum gravitational coframes: 

0/ ^ ^}-\5,{^if,^) = ^} U{a,R)®^l^ V{u^cM = ^l-.^^^^^^ (9.20) 

By carrying out the resulting the transformations for all physical moving frames s in 
P*S\g^), all diffeomorphisms \|/g DiffoS, and all Poincare gauge transformations (j) 
G £^(P(S,IS0\3,1)), we arrive at the action of a quantum gravitational supergroup 
Q, g ^) upon all quantum gravitational coframes over S. 

10. The Quantum Gravitational Connection 

To be able to take into account during the formulation of quantum geometrodynamic 
evolution the degrees of freedom contained in the Grassmann variables in Eqs. (9.15)- 
(9.18), we associate with each base-segment S the supermanifold 

s= {(x,6i,0)| xeS, e = ie\e\...), e = ie\e\...)y (lo.i) 

This base supermanifold contains the quantum spacetime base-segment 

S(^^) = [ix,e,e)\ xGS,d = e = {e,\,^,...), s g i:(p*s V)) } , (10.2) 
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obtained as s ranges over the family L(P*S\^^)) of all cross-sections of the metrized 

coframe bundle P*S\^^). Consequently, in this supermanifold we can introduce the 
quantum gravitational connection 

V=d + r+C+C , d=d+S+5 , (10.3) 

which incorporates the BRST and anti-BRST operators 5 and 5 , 

d=0^dj = dx^ d/dx" , 5 = de"dldd", s = de''d/dd", (10.4) 

of the general type that appears in quantum theories for nonabelian fields.^^ 

The values of the remaining terms in Eq. (10.3) are obtained by first working in the 
TT-gauge, and with quantum gravitational frames that do not as yet contain the Grassmann 
variables in Eq. (10.2), so that by an adaptation!*^ Qf jj^g techniques of Sec. 4 we can set 

= d+r^\ r^^ = ieiPj.,+^ml^Mf, j = 0,1,2,3 , a,b = 1,2,3 , (lo.s) 

where the infinitesimal generators of local spacetime translations and rotations 

P,..„ = \:Tj^[g(u;0]: da\q)dn{v) , j = 0,1,2,3 , (10.6) 
= l.QiTHg]-Qir''[g] + g'^Sfg : da,iq)dniv) , (10.7) 

are derivable from the following quantum gravitational stress-energy tensor:^'!^ 

Tijig] = \ riijgki^ g'"'"" - gkm,ig'"'j , gikj = dgik/dq' , (10.8) 

g = gij e\x) ® e^x) , gy =4' +g\f , g^= rv'^'giT • (10.9) 

The transition to generic gauges can be then achieved by taking advantage of the Maurer- 
Cartan form ^" ^d g of the quantum gravitation gauge group, which makes its appearance 
in the connection form 

BiA = Ad^i (O+f^dg, 3= iY,<l)) e g (S,^M) ^ (10.10) 

for the quantum gravitational connection. Hence, in a generic Poincare gauge s e 
UP*S\g^)) we have (cf. Ref. 10, Sec. 8.7): 

Vj =dj^rj , rj = Ad^^^^^rf- +u-(^)A/a,U(^) , (lo.ii) 

rj{x,9,9)=rp'^''h GDjCix) + ODjCix) + Ge(DjB{x) + DjC(x)xC(x)) , (10.12) 
Dj=dj^[rY-,.] , dj:=d,^=X/d^. (10.13) 

The infinitesimal parallel transport in directions related to the Grassmannian degrees 
of freedom labeled by 6 and 6 is governed by the following quantum gravitational BRST 
and anti-BRST connection forms, 

s=5+U-\g)a-^U{g)dd , d^=d/de , (10.14) 

J = 5 + U-\g)deU{g)de , dg=dldG , (10.15) 

derivable from Eq. (10.10). This yields the gauge potentials 

C„(x,0,0) = C>) + 0«fi„(x)-|0«{C„(x),C„(x)} + 0«0«[fi^^^^ , (10.16) 
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CMO,e) = C,{x) + e"B„{x)-^d"{CJx),CJx)}-d"d''[BJx),C„{x)] , (10.17) 

in which we have set, by definition, 

Bix) = -B(x)-C{x)xCix) . (10.18) 

The quantum gravitational connection described by Eqs. (10.3)-(10.18) governs the 
parallel transport of quantum gravitational superframes that underlies the quantum 
geometrodynamic evolution of the gravitational field. For this parallel transport to be 
physical within a base supermanifold S containing Grassmannian degrees of freedom 
related to unphysical modes of graviton polarization it has to take place in S only along 
curves whose tangent vectors 

Y = x^'d^ + ^d^ + edgeTxSig^) , X=ix,e,e), (10.19) 

satisfy the following subsidiary conditions: 

^YU) ^;(,) = (^„ +C„(Z(^)))0«(^)*;a) = , (10.20) 

hit) = (^« + CM(t))) e\t) = . (10.21) 

This is a geometric version of the Kugo-Ojima^^ type of subsidiary conditions that is 
encountered also in the conventional treatment of quantum nonabelian gauge fields. ^2 In the 
present quantum-geometric context it has the following physical meaning: for any fixed 
choice of gauge for the diffeomorphism group, reflected in a choice of mean metric 
from the equivalence class of diffeomorphically equivalent mean metrics, and for any 
fixed Poincare gauge, corresponding to some choice s of cross-section of the Poincare 
coframe bundle P*S\g^), all physical parallel transport underlying quantum-geometric 
propagation in quantum spacetime has to take place along paths which are horizontal lifts of 
paths in base-segments S, so that the causality prevailing in each S is thereby preserved. 

11. Qiiantvim Geometrodynamic Evolution 

In order to formulate the quantum geometrodynamic evolution of a superlocal quantum 
gravitational field in mutual interaction with all "matter" quantum fields in existence, we 
modify the pattern followed in Sec. 5 to suit the present much more general situation. 
Thus, we first introduce the gravitational exciton-mode fibres 

Z^={/| /gZ^^} , hv):=nu;-a{x)-Uv) , v (11.1) 

whose indefinite inner product is formally given by 

= Z.^oj^. VtWf^iv) fL{v)dQ{v) = {fin , (11.2) 

where the renormalization constant Zfo'is infinite - so that the above inner product is de 
facto determined by a zero-mass limit. 9- lo xhe elements of the ensuing quantum gravita- 
tional field-mode fibres, 

can be identified, as in Eq. (5.7), with those of the corresponding TT-subfibres of z;„,: 
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W^(v„...,vJ = W^iu;-aix)-i£v„...,-aix)-iivJ , W^^Z^^;^ 



(11.4) 



An analogous procedure can be applied to ghost and antighost field-modes, thus ultimately 
arriving at the quantum gravitational field-mode superfibres 



(11.5) 



Within these superfibres we can implement the continuous expansions 
W 



^') = \^rr/fdf\dddd(^S^ix,e,e) , W,W'e£Z)®Ux) , (11.6) 

by the methods of Berezin integration. 

For any given choice of a physical moving frame s = {ia*{x),6\x)) \ x sS}, we 
define a quantum gravitational superfield at each base superlocationXas follows: 



Q'^{x,v) = gfj{x,v)e\x)®e\x) , x=ix,e,e) eSis^) , 

sliX,v) = j^,,^^ dfdf\^^ df'df'lSfiX) ) g^ff,ix,v) {Sf(X) 
g^ff.(x,v) = I (r]ij + gij{s(x);-Uv)) Sf^ , , Sf, s 



(11.7) 
(11.8) 
(11.9) 



We can then easily establish that the quantum gravitational fluctuations around the mean 
quantum gravitational field values 

(11.10) 

(11.11) 
(11.12) 



(x) = riij & (x) ® (x) , X € S , 
are provided by the quantum gravitational radiation superfield with components 
g^{X,v)=\Jl{X)g^j{x,v)\J,{X) , X=ix,d,d) G S(^M) ^ 
g,(x,v)=\^^ dfdf\^^ df'df\Sf) (f^iv) + f^{v)){4>^ 



To describe the mutual interaction of "matter" fields with the quantum gravitational 

superfield in Eq. (11.7), these fields have to be defined at all superlocations X & S(jj^). 
This can be achieved by "lifting," for example, the coherent field-mode sections in Eq. 
(5.10) from the base-locations x to the base-superlocations X , 



(pix) G rr' , (p{x) = v-\x)(p(x)e , (11.13) 

when executing a quantum gravitational gauge transition involving Lorentz boosts. More 
general situations can be handled along similar lines, thus arriving at well-defined proper 
energy-momentum operators for "matter" fields, 

PJ^^HX) = nHx)\^^:T]^^'[<p^^HX,v)]: dQ{v) , j = 0,1,2,3 . (11.14) 

These operators are obtained from the stress-energy tensors in the semi-classical regime by 
replacing in the latter Poincare-covariant derivatives with corresponding quantum gravita- 
tionally co variant derivatives, such as 



7mat 



rab 



+eDjCix) + eDjCix)+ee(DjBix) + DjCix)xCix)) . (11.15) 
The resulting expressions contribute to the real-valued part of the total mean (local) 
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proper energy density and total mean (local) proper 3-momentum density: 



p*°Hx) = ("Pr p'°HX)w^°'f^\ f:Hx) = [w^' jl'>\X)wr}'""" . (11.16) 

In turn, the above values of these densities along each given inflow hypersurface of a base- 
segment, together with those of the mean Riemannian 3 -metric tensor 7^ induced by 
and of the mean extrinsic curvature tensor K , dictate the creation of the infinitesimal QGR 
gauge orbits (S,^^). Mathematically, each gauge orbit is obtained by solving24 the CGR 
Cauchy problem, with the four Einstein equations 

RiY'^)-K^,K'''' + (K''af = 16;rp*°* , K\ = yf^K"' , (11.17) 

Ti,K\ -Ti,K\ = 8;rJr , a = 1,2,3, (H-IS) 

used as constraints on K for given where denotes the -component (with respect 
to the 7*^-orthonormal spatial frames {ea(x)| a = 1,2,3} dual to {0"(x)| a = 1,2,3}) of 
the operator for the covariant differentiation determined by the Levi-Civita connection to 
which each 3-metric gives rise on the inflow hypersurface of S. 

Thus, the framework for geometric quantum gravity postulates no background 
metrics, and, in fact, it does not assume that a classical spacetime manifold of any kind is a 
priori given. However, it does take for granted that, in accordance with observational data, 
mean metrics constituting QGR gauge orbits perpetually emerge during the process of 
quantum-geometric evolution as a result of the metrization of classical frame and coframe 
bundles. 

The self-interactions of the quantum gravitational radiation field in Eq. (11.11) are 
taken to contribute, following a study by Deser,35 to the total operator-valued densities in 
Eq. (11.16) via the self-interaction stress-energy tensor 

The above stress-energy tensor also contributes to the total stress-energy tensor for the 
energy-momentum of quantum gravitational radiation 

PJ.fiX) = nHx)L:TJk^^[giX,v)]: dQ{v) , j = 0,1,2,3 , (11.20) 
a term which has to be added to the one in (10.8), so that: 

'[g] = 7:>[g]+7:r'[g] . (11.21) 

The mean values in Eq. (11.16) resulting from Eqs. (11.14) and (11.20) along each 
inflow hypersurface Z^^ ^ determine (cf. Ref. 24, Sec. 1.2.5), via the constraint equations 
(11.17)-(11.18) and the remaining six geometrodynamic Einstein equations for g'^, the 
QGR gauge orbit (S^,^ ^), including the outflow hypersurface of at the proper time 

separation — tn-i= it"— t')/N= e. Hence, the quantum spacetime segment S„(^^) is 
thereby determined via Eqs. (10.1) and (10.2). 

With all the remaining ingredients of the quantum-geometric framework for gravity 
now available, the formulation of the quantum-geometric propagator 



\ body 



KifiX'yjiX')) = lim Yl'\'Df, U^^iXJ S\X^;f^_,)\,(n.22) 

n=N \ ' 

®/n sE ^[gn(Xn)]'D[c,ixJ]^[c,(x,m[(pr\XJ] . (11.23) 
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for gravitational and "matter" superfields, whose exciton modes are collectively denoted by 

/, can be obtained by suitable adaptation of the type of iterative procedures considered in 
Sec. 5. The Grassmannian values assumed by the ghost and antighost exciton modes above 
each base location Xn&^t„ ^re those corresponding to various superlocations g Z^^. 
Thus, the quantum geometrodynamic propagation proceeds, under the subsidiary condi- 
tions in Eqs. (10.20) and (10.21), along those paths 7^(X„_i,X;i) in the base-superseg- 
ments Snig^) which are the lifts of the geodesic arcs 7(x„_i,Xre) connecting each point 
Xn-i on the inflow hypersurface Et^_^ with the points on the outflow hypersurface of 
each base-segment S„. 

12. Conclusion 

We can now in the position to compare the framework for geometric quantum gravity, out- 
lined in the preceding five sections, with that of the covariant and the canonical frame- 
works36 for quantum gravity. 

The geometric formulation shares with the covariant one the use of graviton states 
representing quantum gravitational radiation. On the other hand, the covariant formulation 
postulates a globally existing background metric - for which, on pragmatic grounds, the 
usual choice is that of Minkowski metric. In addition to the loss of diffeomorphism as 
well as Poincare gauge invariance, such a postulate precludes the mutual interaction be- 
tween matter and geometry, which is physically essential to general relativity. 

Consequently, in the geometric framework the mean metrics are those created by that 
mutual interaction during the quantum geometrodynamic evolution. This allows the inde- 
terministic quantum phenomena to affect their values locally. Hence, the resulting quantum 
spacetime has to be viewed as being in a constant process of creation, rather than as a con- 
ceptually static object, determined in its minutest details at the instant of its creation. 

As in the canonical approach to quantum gravity,36.37 this quantum geometrodynamic 
evolution requires reference 3-surfaces. Quantum base geometries are then created by the 
metrization of the general affine frame bundles over those surfaces. However, whereas in 
the superspace approach to quantum gravity the fluctuations of 3 -metrics are envisaged to 
take place globally over those reference 3-surfaces, in the geometric approach such metric 
fluctuations take place locally, i.e., within the fibres above their base spacetime locations. 

These dissimilarities become more pronounced in relation to recent work on canonical 
quantum gravity ,29 in which the concept of connection takes precedence over that of metric; 
whereas in the quantum geometric framework the concept of metric retains a central role, 
which remains on par with that which it plays in classical general relativity. 

In general, during the entire period of developmenf^-^'io of the quantum geometry 
framework, physical principles were deemed primary. Hence, suitable mathematical tech- 
niques were searched for, and, if not found in existing literature, created in order to fit 
those physical principles - rather than vice versa. The central physical and mathematical 
ideas which thereby emerged are those of quantum ( super)frame bundles and of quantum 
geometric evolution. Quantum frame bundles represent systems of covariance^'io that are 
generalizations of the systems of imprimitivity^-^ to which complete sets of observables 
give rise; whereas quantum geometric evolution represents a physically grounded geometric 
extrapolation of the path integral method to the general relativistic regime. Thus, the entire 
quantum geometric framework for quantum field theory in curved spacetime and quantum 
gravity rests on physically well founded extrapolations of orthodox quantum theory. 
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